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Laplacian gauge and instantons 
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We exhibit the connection between local gauge singularities in the Laplacian gauge and topological charge, 
which opens the possibility of studying instanton excitations without cooling. We describe our version of Laplacian 
gauge- fixing for SU(N). 



Topological excitations produce obstructions 
to making the gauge field smooth everywhere. 
Therefore, they should appear as singularities in 
an otherwise smooth gauge. This offers the pos- 
sibility of identifying such excitations via gauge- 
fixing. After gauge-fixing, the gauge field be- 
comes singular, and the gauge ill-defined, on a 
sub-manifold characterizing the topological exci- 
tations. Even though the precise location of this 
manifold typically depends on the specific gauge 
condition chosen, its existence does not. This 
gauge-fixing approach was suggested by 't Hooft 
to identify chromo-magnetic monopoles 0], It 
has been recognized recently that both monopoles 
and center vortices appear together as gauge sin- 
gularities of co-dimension 3 and 2 respectively, 
when one tries to enforce a smooth gauge for 
the adjoint SU(N)/Z N field §. It is then nat- 
ural to also study what happens when one tries 
to enforce a smooth gauge for the SU(N) field. 
As we show below, point-like (co-dimension 4) 
singularities appear, coming from the topologi- 
cal charge of the Yang-Mills field. Thus, gauge- 
fixing allows a unifying perspective on all 3 kinds 
of topological Yang-Mills excitations: center vor- 
tices, monopoles and instantons. 



1. Example: Landau gauge 

The gauge field of an SU (2) instanton of size p is 

A a ^x) = rf^v^ 2 + p2 or ff^x v ^ 2 + (1) 



in regular and singular gauge respectively. Be- 
cause of the antisymmetry of T]^ and 77^,,, both 
expressions above satisfy the Landau gauge con- 
dition d^A^ = 0. Furthermore, starting from the 
singular gauge, one can apply the gauge transfor- 
mation fl(x) — w(x, b)w(x, 0y, where cu(x,y) = 
((x — y)ol + i(x — y)i<Ji)/\x — y\, and still obtain 
a configuration which satisfies d^A^ — 0. In this 
configuration, the gauge field is singular at point 
6, which can be anywhere in 4-space. The regular 
gauge is just a special case where b is sent to in- 
finity. Therefore, Landau gauge is ambiguous on 
an instanton background field, and a whole family 
of Gribov copies exists. Nevertheless, the gauge 
field possesses a point-like singularity in each of 
these copies, whose location depends on the copy 
chosen. In the presence of small perturbations, 
the Gribov ambiguity would be resolved, but the 
location of the singularity would be dictated by 
the perturbation, and would have a priori little 
to do with the instanton center. 

2. Laplacian gauge: SU(2) 

On the lattice, the Landau gauge condition is 
usually translated into 



J2 ReTr U x> 
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maximum (2) 

which is ambiguous for any field configuration, 
due to the presence of local maxima called "lat- 
tice Gribov copies". In a gauge given by a lo- 
cal maximum, spurious singularities of the gauge 
field occur after continuum interpolation, which 
for instance bias the correlator (A^{0)A^{x)) [||. 
Therefore, it is desirable to select a smooth gauge 
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devoid of lattice Gribov copies to study gauge 
field singularities. The Laplacian gauge |J] is such 
a gauge. Like Landau gauge, it is smooth and 
Lorentz-symmetric, and fixes a pure gauge config- 
uration (FfiL, — 0) to Aft — (all links = 1). Our 
computer implementation for SU (2) and SU (3) 
uses the library ARPACK ||, and is much more 
economical than the iterative Landau gauge fix- 
ing. With it, a study of the infrared behaviour 
of the gluon propagator has been performed ||]. 
Unfortunately, the Laplacian gauge is intrinsi- 
cally non-perturbative, which prevents a direct 
comparison with the Faddeev-Popov approach. 

The Laplacian gauge condition consists of im- 
posing, at every space-time point, a fixed color 
orientation for the eigenvector of the covariant 
Laplacian associated with the smallest eigen- 
value. In other words, one determines the eigen- 
vector v(x) satisfying A(U) v(x) — Xnv(x). At 
each point x, v(x) € C 2 has 2 complex color com- 
ponents. The required gauge transformation £l(x) 
is that which rotates v{x) along some prescribed 
direction, say (1, 0)L The gauge thus specified is 
unique, except when the eigenvalue Ao is degen- 
erate, which defines a genuine Gribov copyj^] 

For a generic gauge field, the gauge may still be 
ill-defined locally: this happens at points x where 
Q,(x) cannot be defined because \v(x)\ = 0. This 
implies 4 constraints: the sub-manifold where the 
gauge remains ambiguous consists of points in 4 
dimensions. It is natural to examine the connec- 
tion between such points and instantons. 

Fig.l shows on an instanton configura- 

tion obtained by improved cooling 0. \v(x)\ ap- 
pears to vanish at a point which turns out to be 
very near the instanton center, and varies linearly 
with distance in its vicinity. This behaviour has 
been shown analytically, for the continuum the- 
ory in a finite volume, in Thus, one instanton 
can be identified via Laplacian gauge-fixing. 

3. Many instantons 

In the field of Q instantons, one expects Q 
gauge singularities in Laplacian gauge. Their lo- 
cations cannot be obtained analytically, so we 
have performed numerical tests on configurations 

2 An irrelevant degeneracy v <-> <T2V* is always present. 
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Figure 1. Magnitude of the lowest-lying eigen- 
vector of the covariant Laplacian, for a cooled 
instanton gauge field. 

of various topological content, obtained by im- 
proved cooling. To identify the location of the in- 
stantons, we use the "instanton finder" algorithm 
of |?J , which looks for a local peak in the topolog- 
ical charge density, and checks self-duality near 
the peak. To identify the gauge singularity where 
the magnitude \v (x) \ of the Laplacian eigenvector 
vanishes, we fit |w(a;)| to the ansatz 

\v(x)\ ~ v + \x - x \/r (3) 

on a 3 4 hypercube. If the fit is good (\ 2 /d.o.f. <C 
1, typically < 0.004) and \vo\ is small (typically 
< 0.25), we assign a singularity at point Xq. 
Neighbouring 3 4 cells usually detect the same sin- 
gularity, providing a cluster of estimates xq. 

We find very good agreement between the loca- 
tions of the topological excitations given by both 
methods. The agreement improves with cooling, 
and is worse on approximate instantons which de- 
part more from a spherical ansatz. Even on a 
7-instanton configuration, the agreement remains 
rather good, as shown in Fig. 2. 

When both instantons and anti-instantons are 
present, the agreement between the two methods 
deteriorates. The Laplacian method pays more 
attention to the global features of the gauge field, 
which all enter in the construction of the lowest- 
lying eigenvector, and does not always "see" an 
instanton-antiinstanton pair. The constant vo in 
the ansatz eq.(||) helps towards accounting for 
the background of the opposite charge excita- 
tions. It is also possible to select an eigenvector 
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Figure 2. On a configuration containing 7 cooled 
instantons, comparison of their locations (pen- 
tagons) and the approximate zeros of the Lapla- 
cian eigenvector (+), projected on the (z, t) plane. 

of the Laplacian associated with a larger eigen- 
value, thus more sensitive to short-range gauge 
field fluctuations. The agreement with the usual 
method improves noticeably. 

Similarly, one may try to analyze the topolog- 
ical content of a thermalized gauge field config- 
uration. The usual method requires some cool- 
ing, which has been criticized because it destroys 
close instanton-antiinstanton pairs and distorts 
the remaining objects. In contrast, the Laplacian 
method filters the UV fluctuations automatically, 
so that information can be obtained without any 
cooling. This is illustrated in Fig. 3. It is readily 
apparent that the two methods agree poorly in 
such circumstances. 

This difference emphasizes once more the arbi- 
trariness which necessarily enters any procedure 
which aims at identifying instantons and anti- 
instantons in a fluctuating ensemble. Strictly 
speaking, there is no such thing as an instanton- 
antiinstanton pair, since it does not constitute a 
solution of the classical Yang-Mills equations. To 
distinguish such a pair from a topologically trivial 
fluctuation, one must separate non-perturbative 
and perturbative contributions by some criterion. 
This is a notoriously ambiguous proposition. 

Therefore, one has here two methods, each con- 
taining some arbitrariness, to identify topological 
excitations. The usual method analyzes local fea- 
tures of the gauge field, and requires some arbi- 
trary amount of cooling. The Laplacian method 
takes into account global features through the 




Figure 3. On a (3 = 2.4 configuration, comparison 
of the locations of approximate instantons (pen- 
tagons) and of approximate zeros of the Lapla- 
cian eigenvector (+), projected on the (z, t) plane. 
The former required 30 cooling steps, the latter 
zero. 

eigenvector. Which eigenvector one selects is ar- 
bitrary. In addition, both methods encapsulate 
further arbitrariness in the quality of the local fit 
required, in both cases, to identify an instanton. 

One possible advantage we see to the Laplacian 
method is in the measurement of the total topo- 
logical charge. Small instantons are easily de- 
stroyed in the early stage of cooling. The Lapla- 
cian method might give more reliable results. Of 
course the near- vanishing of |u(a;)| gives no indi- 
cation on the sign of the associated topological 
charge, or the size and color orientation of the in- 
stanton. One must look at the gauge-fixed field 
to extract such information. 

4. Laplacian gauge: SU(N) 

A formulation of the Laplacian gauge for 
SU (N) was given in Q . It requires the determi- 
nation of the N lowest-lying eigenvectors of the 
covariant Laplacian. At each point x, the N x N 
complex matrix M whose columns are formed by 
these eigenvectors is projected onto SU (N), using 
the polar decomposition M = WP, W 6 U(N),P 
= {M^ AI) 1 / 2 . The required gauge transformation 
is then Q(x) — e la W^ , where a = -^arg(det W). 
Vl(x) rotates M "parallel" to the identity 1^. 

Here we use a different SU(N) formulation, 
which requires (N — 1) eigenvectors only. More- 
over, in this formulation, the connection between 
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topological charge and local gauge ambiguities re- 
mains transparent. We consider the (N— 1) eigen- 
vectors v%, V2, .., vn-i in succession, and associate 
a partial gauge-fixing with each. 

i) At each point x, rotate v\{x) parallel to 
(1,0,..,0)]y. The corresponding gauge trans- 
formation VLx(x) is not uniquely defined. Any 
SU(N-l) transformation among the components 
2,3,..^ can still be performed. This is consis- 
tent with the number of remaining degrees of free- 
dom: (2N — 1) constraints must be satisfied to 
bring v± (x) parallel to a reference direction, which 
leaves (N 2 - 1) - (2N - 1) = (N - l) 2 - 1 d.o.f., 
corresponding to an SU(N — 1) gauge freedom. 
Choose any satisfactory Qi and rotate all eigen- 
vectors V\, V2, .., VN-l- 

ii) Rotate the last (N — 1) components of V2{x) 
to make it parallel to (1,0, ..,0y N _ v leaving the 
first component untouched. This defines a gauge 
transformation ^(x) Six SU(N — 1), up to a 
further SU(N — 2) transformation. Choose any 
satisfactory 0,2 and rotate all eigenvectors. 

Hi) Rotate the last (N — 2) components of v^(x) 
parallel to (1, 0, .., 0y N _ 2 , etc... 
iv) Finally the last 2 components of vn-i(x) are 
rotated parallel to (1,0)^, defining a gauge trans- 
formation Ojv_i(a;) s liv-2 x SU(2), as in Section 
2, and completing the gauge fixing. 

The complete gauge transformation is therefore 
fijv-i x ■•• x Sl 2 x ill. It turns the matrix M 
formed by v\, V2, ■■, Vjsr to upper triangular form, 
regardless of the value of vpj , which needs not be 
computed. Our procedure can be viewed as a QR 
decomposition of M. 

Let us now consider the ambiguities associated 
with our SU (N) procedure. 

• Each eigenvector is defined up to a complex 
phase, which is global and will induce an irrele- 
vant, global Abelian gauge transformation. 

• The gauge becomes ambiguous when any of the 
lowest (N — 1) eigenvalues is degenerate, prevent- 
ing a unique determination (up to a phase) of 
the eigenvectors. This defines a genuine Gribov 
copy. In this case, a continuous family of gauges is 
obtained, corresponding to different choices of or- 
thogonal eigenvectors in the degenerate subspace. 

• On a generic field configuration, local gauge 



ambiguities arise at points x where all the last 
(N — k + 1) complex components of Vk(x) van- 
ish, making the gauge transformation £lk(x) ill- 
defined. This implies 2(N— k+1) real constraints, 
thus defining defects of co-dimension 2(N — fc + 1). 

These defects all have a topological meaning. 
For example, SU (5) will admit point-like de- 
fects in d = 10 dimensions (N = 5, k = 1), 
consistent with the non-trivial homotopy group 
Il2N-i{SU(N)) = Z. Even though such excita- 
tions are irrelevant classically because, in d > 4, 
their action decreases with their size, their role 
could be studied non-perturbatively via Lapla- 
cian gauge-fixing. 

In 4 dimensions, the only defects of co- 
dimension < 4 are point-like, and come from the 
last step in our gauge-fixing procedure, which in- 
volves an SU(2) gauge transformation. Thus, 
one recovers the expected result that the topo- 
logical charge of an SU(N) configuration can 
be "squeezed" to an SU(2) subgroup [even if 
the instantons themselves may not be], where it 
gives rise to local singularities in a smooth gauge. 
Again, this offers the possibility of extracting 
the topological charge of an SU(N) configuration 
without cooling. 
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